We calculate the fraction of 8 B solar neutrinos that arrive at the Earth as a ν 2 mass eigenstate as a function of the neutrino energy. Weighting this fraction with the 8 B neutrino energy spectrum and the energy dependence of the cross section for the charged current interaction on deuteron with a threshold on the kinetic energy of the recoil electrons of 5.5 MeV, we find that the integrated weighted fraction of ν 2 's to be 91±2% at the 95% CL. This energy weighting procedure corresponds to the charged current response of the Sudbury Neutrino Observatory (SNO). We have used SNO's current best fit values for the solar mass squared difference and the mixing angle, obtained by combining the data from all solar neutrino experiments and the reactor data from KamLAND.
I. INTRODUCTION
Recently the KamLAND [1] and Sudbury Neutrino Observatory (SNO) [2] experiments have given a precise determination of the neutrino solar mass squared difference and mixing angle responsible for the solar neutrino deficit first observed in the Davis [3] experiment when compared to the theoretical calculations by Bahcall [4] . Subsequently this deficit has been observed by many other experiments [5, 6] , while the theoretical calculations of the neutrino flux based on the Standard Solar Model (SSM) has been significantly improved [7] .
When all of these results are combined in a two neutrino fit as reported by SNO [2] , the allowed values for the solar mass squared difference, δm 
at the 68 % confidence level. Maximal mixing, sin 2 θ ⊙ = 0.5, has been ruled out at greater than 5 σ. The solar neutrino data is consistent with ν e → ν µ and/or ν τ conversion. The precision on δm 2 ⊙ comes primarily from the KamLAND experiment [1] whereas the precision on sin 2 θ ⊙ comes primarily from the SNO experiment [2] .
The physics responsible for the reduction in the solar 8 B electron neutrino flux is the Wolfenstein matter effect [9] with the electron neutrinos produced above the MikeyevSmirnov (MS) resonance [10] . The combination of these two effects in the large mixing angle (LMA) region, given by Eq. (1), implies that the 8 B solar neutrinos are produced and propagate adiabatically to the solar surface, and hence to the earth, as almost a pure ν 2 mass eigenstate. 2 Since, approximately one third of the ν 2 mass eigenstate is ν e , this explains the solar neutrino deficit first reported by Davis. If the 8 B solar neutrinos arriving at the Earth were 100% ν 2 , then the day-time Charged Current (CC) to Neutral Current (NC) ratio, CC/NC, measured by SNO would be exactly sin 2 θ ⊙ , the fraction of ν e in ν 2 in the two neutrino analysis.
Of course, the ν 2 mass eigenstate purity of the solar 8 B neutrinos is not 100%, as we will 1 We use the notation of [8] with the subscript "⊙" reserved for the two neutrino analysis whereas the subscript "12" is reserved for the three neutrino analysis. 2 Without the matter effect, the fraction of ν 2 's would be simply sin 2 θ ⊙ , i.e. about 31%, and energy independent.
see later, some fraction arrive as ν 1 's and if the electron neutrino has a non-zero component in ν 3 (i.e. non-zero sin 2 θ 13 ) then there will be a small fraction arriving as ν 3 's. For all practical solar neutrino experiments, these mass eigenstates can be considered to be incoherent, see [11] . The mass eigenstate purity of the 8 B solar neutrinos is the main subject of this paper. In the next section we will summarize the important physics of the MSW-LMA solar neutrino solution outlined above and calculate the mass eigenstate purity of 8 B neutrinos as a function of the neutrino energy in a two neutrino analysis for both the SNO and SuperKamiokande (SK) experiments. In section 3 we will discuss what happens in a full three neutrino analysis. In section 4, as an application of the previous sections, we will discuss the possibility of extracting information about the solar interior independently from the standard solar model. Finally, in section 5, we present our summary and conclusions.
II. TWO NEUTRINO ANALYSIS:
In the two neutrino analysis, let f 1 (E ν ) and f 2 (E ν ) be the fraction of 8 B solar neutrinos of energy E ν which exit the Sun and thus arrive at the Earth's surface as either a ν 1 or a ν 2 mass eigenstate, respectively. Following the analytical studies of Ref. [12] , these fractions are given by
where θ N ⊙ is the mixing angle defined at the ν e production point, P x is the probability of the neutrino to jump from one mass eigenstate to the other during the MS-resonance crossing, and the sum is constrained to be 1, f 1 + f 2 = 1. The average · · · 8 B is over the electron density of the 8 B ν e production region in the center of the Sun predicted by the Standard Solar Model [13] . The mixing angle, θ N ⊙ , and the mass difference squared, δm 2 N , at the production point are indicated by the open circle with the cross, is close to the 90% contour. The iso-contour for an electron neutrino survival probability, P ee , equal to 35% is the dot-dashed (red) "triangle"
formed by the 65% ν 2 purity contour for small sin 2 θ ⊙ and a vertical line in the pure ν 2 region at sin 2 θ ⊙ = 0.35. Except at the top and bottom right hand corners of this triangle the ν 2 purity is either 65% or 100%.
where
is the matter potential, E ν is the neutrino energy, G F is the Fermi constant, Y e is the electron fraction (the number of electron per nucleon), M n is the nucleon mass and ρ is the matter density. The combination Y e ρ/M n is just the number density of electrons. Fig. 1 shows, for a wide range of δm 2 ⊙ and sin 2 θ ⊙ , the iso-contours of
where · · · E is the average over the 8 B neutrino energy spectrum [14] convoluted with the energy dependence of the CC interaction ν e + d → p + p + e − cross section [15] at SNO with the threshold on the recoil electron's kinetic energy of 5. However, we give a brief discussion on SK later in this section.
In the LMA region the propagation of the neutrino inside the Sun is highly adiabatic [10, 12, 16] , i.e. P x ≈ 0, therefore,
Due to the fact that 8 B neutrinos are produced in a region where the density is significantly higher (about a factor of four) than that of the MS-resonance value, the average f 2 (E ν ) E is close to 90% for the current solar best fit values of the mixing parameters from the recent KamLAND plus SNO analysis [2] . Since sin (4)), we can see that at the high energy end of the 8 B neutrinos sin 2 θ N ⊙ 8 B must be close to 1. We can check our result using the analysis of SNO with a simple back of the envelope calculation. In terms of the fraction of ν 1 and ν 2 the day-time CC/NC of SNO, which is equal to the day-time average ν e survival probability, P ee , is given by
where f 1 and f 2 are understood to be the ν 1 and ν 2 fractions, respectively, averaged over 
which was obtained from Table XXVI of Ref. [2] , and the current best fit value of the mixing angle, we find f 2 = (1 − f 1 ) ≈ 90%, as expected. Due to the correlations in the uncertainties and θ ⊙ = arcsin (
measured value of the day-time CC/NC ratio.
A similar analysis can also be performed using the event rate of the elastic scattering (ES) at SK and/or at SNO. In fact, ES is related to the ν 1 and ν 2 fractions, as follows,
where r ≡ σ νµ,τ e / σ νee ≈ 0.155 is the ratio of the ES cross sections for ν µ,τ and ν e [18] , averaged over the observed neutrino spectrum. Note that we are normalizing the ES event rate to that of SNO NC such that Eq. (12) is valid independent of the SSM prediction of the 8 B neutrino flux.
In general, in the presence of neutrino flavor transitions, the fraction of ν 1 and ν 2 are not the same for ES and CC because the energy dependence of the cross sections are different.
However, in Ref. [17] , it was suggested that if we set analysis threshold energies for SK and SNO appropriately as T SNO = 0.995 T SK − 1.71 (MeV), where T SNO and T SK are the kinetic energy threshold of the resulting electron, the energy response of these detectors become practically identical [17] . Thus, using such a set of thresholds, even if there is a spectral distortion in the recoil electron energy spectrum, to a good approximation, SK/SNO ES and SNO CC are related as follows,
and all the results we obtained for SNO in this paper are equally valid for ES at SK and/or at SNO provided the energy thresholds are set appropriately 5 .
In Fig. 3 (a) we show the ν 2 fraction, f 2 (E ν ), versus E ν . The rapid decrease in the ν 2 fraction below E ν ∼ 8 MeV is responsible for the expected spectral distortion at energies near threshold in both SNO (see Fig. 36 of Ref. [2] ) and SK (see Fig. 51 of the last Ref.
in [5] ). For a neutrino energy near 10 MeV, the SNO sweet spot, the 90% CL variation in for the recoil electron for both CC (SNO) and ES (SK or SNO) reactions. We observe that for the same threshold, f 2 for ES is always smaller than that for CC. This is expected since unweighted f 2 is a increasing function of E ν and CC cross section increase more rapidly with energy than that of ES cross section. Hereafter, unless otherwise stated, we focus on the SNO CC reaction, as the results for ES reaction are qualitatively similar and the thresholds can be adjusted to give identical results for all practical purposes.
In Fig. 4 we give the breakdown into ν 1 and ν 2 for the raw 8 B spectrum as well as the spectrum weighted by the energy dependence of the CC interaction using a threshold of 5.5
MeV for the kinetic energy of the recoil electrons. Here we have used the current best fit values for δm MeV. This energy dependence mimics the energy dependence of the SNO detector. Because of the strong correlation between sin 2 θ ⊙ and the day-time CC/NC ratio we also give the contours of the fraction of ν 2 in the δm 2 ⊙ versus day-time CC/NC plane in Fig. 5(b) . Thus the 8 B energy weighted average fraction of ν 2 's observed by SNO is f 2 = 91 ± 2% at the 95% CL.
This is the two neutrino answer to the question posed in the title of this paper. We note,
however, that as we showed in Fig. 3 (c) the value of f 2 is a function of the threshold energy and also depends on the experiment. We estimate that for SK with the current 4.5 MeV threshold for the kinetic energy of the recoil electrons, that f 2 = 88 ± 2% at the 95% CL.
The uncertainty is dominated by the uncertainty in δm 2 ⊙ /A. However, the uncertainty on δm 2 ⊙ is approximately 5% from the KamLAND data whereas the uncertainty on the matter potential, A, in the region of 8 B production of the Standard Solar Model is 1-2%, see [19] .
Hence, the uncertainty on δm 2 ⊙ dominates. For the current allowed values for δm 2 ⊙ and sin 2 θ ⊙ , the ratio ef f , such that the left hand side of Eq.(4) equals our best fit value for the fraction that is ν 2 . Thus, . (18) This simple expression reproduces the values of f 2 to high precision throughout the 95% allowed region of the KamLAND and the solar neutrino experiments given in Fig. 5(a) . In this sense our A 8 B ef f is the effective matter potential for the 8 B neutrinos. An expansion in δm 2 ⊙ /A around its typical value of 0.6 could also be used but the coefficients are ever more complex trigonometric functions of θ ⊙ , whereas with our ξ expansion the coefficients are small rational numbers.
B. 7 Be and pp neutrinos

For
7 Be and pp neutrinos the fractions of ν 1 and ν 2 are much closer to the vacuum values of cos 2 θ ⊙ and sin 2 θ ⊙ respectively, as they are produced well below (more than a factor of two) the MS-resonance in the Sun, and an expansion in A/δm 2 ⊙ is the natural one. In the third Ref. in [16] , the electron neutrino survival probability was obtained by a similar expansion around the average of the matter potential. Using this expansion, we find that
with A 
where the averaged value of the energy (weighted by the cross section) as well as the electron densities used are, respectively, E ν pp = 0.33 MeV and Y e ρ pp = 62 g/cm 3 for pp, and E ν 7 Be = 0.86 MeV and Y e ρ 7 Be = 81 g/cm 3 for 7 Be. Thus f 2 ( 7 Be) = 37 ± 4(7)% and f 2 (pp) = 33 ± 4(7)% at 68 (95) % CL where the uncertainty here is dominated by our knowledge of sin 2 θ ⊙ .
C. Two Neutrino Summary
In Fig. 6 we give the neutrino mass spectrum, the value of fraction of ν 2 's (sin which is proportional to the matter potential, for the 8 B, 7 Be and pp neutrinos using the best fit values of δm (18) and (19) .
The energy weighted ν 2 fractions for 8 B, 7 Be and pp neutrinos using a two neutrino analysis, at the 95% CL, are
where the uncertainties for 7 Be and pp are dominated by the uncertainty on sin 2 θ ⊙ whereas for 8 B the uncertainty is dominated by the uncertainty on δm 
III. THREE NEUTRINO ANALYSIS
For the three neutrino analysis we first must discuss the size of the component of ν 3 which is ν e , i.e. the size of sin 2 θ 13 . This mixing angle determines the size of the effects on ν e associated with the atmospheric mass squared difference. The best constraint on θ 13 comes from the CHOOZ reactor experiment [20] which gives a limit on sin 2 θ 13 , as
at the 90 % CL for δm 
However as the accuracy of the neutrino data improves it will become inevitable to take into account genuine three flavor effects. See [21, 22] , for recent studies on the impact of θ 13 on solar neutrinos.
Suppose that Double CHOOZ [23] , T2K [24] or NOνA [25] or some other experiment measures a non-zero value for sin 2 θ 13 . What effect does this have on the previous analysis?
How does this change our knowledge of the solar parameters and the relationship between solar mixing angle and the fraction of ν 2 ?
Our knowledge of the solar δm 2 comes primarily from the KamLAND experiment where the effects of the atmospheric δm 2 are averaged over many oscillations, thus to high accuracy
i.e. the solar δm 2 remains unaffected. Remember, we are using the notation δm 2 21 and sin 2 θ 12 for the three neutrino analysis to distinguish it from δm 2 ⊙ and sin 2 θ ⊙ used in the two neutrino analysis.
A. 8 B 3 Neutrino Analysis
For the mixing angle sin 2 θ 12 the situations is more complicated in the three neutrino analysis. The 8 B electron neutrino survival probability measured by SNO's day-time CC/NC ratio can be written as
where F 1 , F 2 and F 3 are the fraction of ν 1 , ν 2 and ν 3 respectively, satisfying F 1 +F 2 +F 3 = 1.
The ν 3 fraction is given by
where +(-) sign refers to the normal, δm ∼ 10% comes from matter effects associated with atmospheric δm 2 in the center of the Sun. We will ignore this correction since it is small and currently the sign is unknown. Hence,
With this approximation the ν 1 and ν 2 fractions can be written as
and F 2 = cos 2 θ 13 sin 2 θ N 12
where the average · · · 8 B is over the solar production region and the energy of the observed neutrinos. sin 2 θ N 12 is given by Eq. (4) with the replacements sin 2 θ ⊙ → sin 2 θ 12 and A → A cos 2 θ 13 [26] .
In going from the two neutrino analysis to the three neutrino analysis the quantity that must remain unchanged is the value of the electron neutrino survival probability, i.e. the CC/NC ratio. This implies that we must adjust the value of sin 2 θ 12 and hence the fractions of ν 1 and ν 2 so that the CC/NC ratio remains constant. We have performed this procedure numerically and report the result as a Taylor series expansion in the fraction of ν 1 's about sin 2 θ 13 = 0. If we write
then
In Fig.7(a) we have plotted the contours of α ≡
Near the best values this total derivative is close to zero, i.e.
at the 68% CL. As sin 2 θ 13 grows above zero, the size of F 1 is influenced by a number of effects; the first is the factor of cos 2 θ 13 in Eq. (29) which reduces F 1 , the second is the matter potential A which is reduced to A cos 2 θ 13 raising the fraction F 1 and third is the value of sin 2 θ 12 which changes to hold the CC/NC ratio fixed. By coincidence the sum of these effects approximately cancel at the current best fit values and the fraction of ν 1 remains approximately unchanged as sin 2 θ 13 gets larger. This implies that the fraction of ν 2 is reduced by ∼ sin 2 θ 13 since the sum of F 1 + F 2 is simply cos 2 θ 13 , thus
Remember f i and F i are the fractions of the i-th mass eigenstate in the two and three neutrino analysis, respectively. The uncertainty comes primarily from the uncertainty in 
where terms of O(sin 4 θ 13 ) have been dropped. Performing a Taylor series expansion about sin 2 θ 13 = 0, we find
For the current allowed region of the solar parameters, this implies that Performing a similar 3 neutrino analysis for the pp (or 7 Be) neutrinos we find that the fraction of neutrino mass eigenstates is
In this section, as an application of our analysis, we will invert the discussions found in
Ref. [27] where the validity of the MSW physics has been tested assuming the standard solar model (SSM) prediction of the electron number density as well as 8 B neutrino production region. Here, we will discuss what can be said about these quantities, assuming the validity of the MSW effect in the LMA region. While there is no strong reason to doubt the correctness of the SSM, which is in good agreement also with the helioseismological data [28] , it is nevertheless interesting if we can test it independently.
Since the propagation of 8 B neutrinos, in the Sun, is highly adiabatic in the LMA region, the fraction of ν 2 , and consequently, the SNO CC/NC ratio is determined only by the effective value of the matter potential, A 
This expression allows us to obtain a value of A ef f is below the mean value is because values of Y e ρ below the mean pull down the ν 2 fraction more than values above the mean raise the ν 2 fraction.
We show in Fig. 8 
